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Constitutive Relation for Nonlinear Response and Universality of Efficiency at
Maximum Power for Tight-Coupling Heat Engines
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1Department of Physics, Beijing Normal University, Beijing 100875, China
We present a unified perspective on nonequilibrium heat engines by generalizing nonlinear irre-
versible thermodynamics. For tight-coupling heat engines, a generic constitutive relation for non-
linear response accurate up to the quadratic order is derived from the stalling condition and the
symmetry argument. By applying this generic nonlinear constitutive relation to finite-time ther-
modynamics, we obtain the necessary and sufficient condition for the universality of efficiency at
maximum power, which states that a tight-coupling heat engine takes the universal efficiency at
maximum power up to the quadratic order if and only if either the engine symmetrically interacts
with two heat reservoirs or the elementary thermal energy flowing through the engine matches the
characteristic energy of the engine. Hence we solve the following paradox: On the one hand, the
quadratic term in the universal efficiency at maximum power for tight-coupling heat engines turned
out to be a consequence of symmetry [M. Esposito, K. Lindenberg, and C. Van den Broeck, Phys.
Rev. Lett. 102, 130602 (2009); S. Q. Sheng and Z. C. Tu, Phys. Rev. E 89, 012129 (2014)];
On the other hand, typical heat engines such as the Curzon-Ahlborn endoreversible heat engine [F.
L. Curzon and B. Ahlborn, Am. J. Phys. 43, 22 (1975)] and the Feynman ratchet [Z. C. Tu, J.
Phys. A 41, 312003 (2008)] recover the universal efficiency at maximum power regardless of any
symmetry.
PACS numbers: 05.70.Ln
Introduction.–Energy-transduction devices such as
heat engines [1–14], nano-motors [15–18], and biologi-
cal machines [19–23] are crucial to our human activi-
ties. It is important to investigate their energetics in
our times of resource shortages. Since they usually oper-
ate out of equilibrium, we need to develop some concepts
of nonequilibrium thermodynamics to understand their
operational mechanism. Finite-time thermodynamics is
a branch of nonequilibrium thermodynamics. One of its
most profound findings in recent years is the universality
of efficiency at maximum power. Up to the quadratic
order of ηC (the Carnot efficiency), the efficiencies at
maximum power for the Curzon-Ahlborn endoreversible
heat engine [1], the stochastic heat engine [24], the Feyn-
man ratchet [25], and the quantum dot engine [26], were
found to coincide with a universal form
ηU ≡ ηC/2 + η
2
C/8 +O(η
3
C), (1)
where O(η3C) represents the third and higher order terms
of ηC .
The door towards this universality was opened by Van
den Broeck [27] who proved that the linear term in (1)
holds universally for tight-coupling heat engines working
at maximum power. Next, considering a process of parti-
cle transport, Esposito et al. found that the prefactor 1/8
of the quadratic term in (1) is universal for tight-coupling
heat engines in the presence of left-right symmetry [28].
This finding was confirmed by other nonlinear models
of heat engines [29–32]. Nevertheless, two typical heat
engines recover universal efficiency (1) in the absence
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of symmetry. First, the efficiency at maximum power
for the Curzon-Ahlborn heat engine [1] is irrelevant to
specific model-dependent parameters, and so regardless
of any symmetry. Second, in the extremely asymmet-
ric case, one of the present authors [25] optimized the
power of the Feynman ratchet, and he found that the ef-
ficiency at maximum power still equates universal form
(1). Additionally, Seifert pointed out that the Feynman
ratchet still recovers the universality in other asymmet-
ric cases [21]. Ironically, it is the Curzon-Ahlborn heat
engine and the Feynman ratchet that arouse the issue of
universality of efficiency at maximum power, on which
researchers found that the universality of the quadratic
term in (1) is attributed to the presence of symmetry,
while both engines operating at maximum power take
universal efficiency (1) in the absence of symmetry. This
paradox has always puzzled researchers since the rela-
tionship between the universality and symmetry was dis-
covered by Esposito and his coworkers [28].
We aim at solving the above paradox from irre-
versible thermodynamics, a relatively mature framework
in nonequilibrium thermodynamics. Its core quantity,
entropy production rate, may be expressed as the sum of
products of generalized thermodynamic fluxes and forces.
The relation between the fluxes and forces is called con-
stitutive relation. Although irreversible thermodynamics
has been developed for many years, there still exists a
controversy surrounding the definition of the generalized
thermodynamic flux related to the heat flowing through
a heat engine. One proposal is the rate of heat absorbed
from the hot reservoir [27]; another choice is the mean
rate of heat absorbed from the hot reservoir and that re-
leased into the cold reservoir [33]. The present authors re-
solved this controversy by introducing the weighted ther-
2mal flux in recent work [32]. However, the generic con-
stitutive relation remains unknown for nonequilibrium
heat engines in the regime of nonlinear response. The
quadratic terms of thermodynamic forces have not been
fully addressed in the previous work [32] since they disap-
pear in the constitutive relation for the engines symmetri-
cally interacting with two reservoirs. Similarly, the sym-
metric situation is also the focus of the pioneer work by
Esposito and his coworkers [28]. In contrast to the sym-
metric situation, the quadratic terms of thermodynamic
forces should appear in the constitutive relation under
asymmetric situations. We believe that a proper charac-
terization of the constitutive relation up to the quadratic
order is the key to solving the above paradox. In this
Letter, we present a unified perspective on nonequilib-
rium heat engines, and then derive a generic nonlinear
constitutive relation up to the quadratic order for tight-
coupling heat engines from the stalling condition and the
symmetry argument. Based on this generic relation, we
obtain the necessary and sufficient condition for the uni-
versality of efficiency at maximum power, and hence solve
the aforementioned paradox.
Generic model.–Above all, we briefly revisit a generic
model for tight-coupling heat engines proposed in our
previous work [32], which lays a solid theoretical foun-
dation for the solution to the paradox. A heat engine
may be simplified as the following schematic setup. The
engine absorbs heat Q˙h from the hot reservoir at tem-
perature Th, and releases heat Q˙c into the cold reservoir
at temperature Tc per unit time. Simultaneously, it out-
puts a certain amount of power W˙ . By introducing two
nonnegative weighted parameters sh and sc such that
sh + sc = 1, we define the weighted thermal flux
Jt ≡ shQ˙c + scQ˙h, (2)
and the weighted reciprocal of temperature
β ≡ sh/Th + sc/Tc. (3)
The values of weighted parameters sh and sc depend on
specific models and they are related to the degree of sym-
metry of interactions between the heat engine and two
reservoirs. In particular, sh = sc = 1/2 indicates that the
engine symmetrically interacts with two reservoirs. From
definition (2) and the energy conservation Q˙h− Q˙c = W˙ ,
we obtain Q˙h = Jt + shW˙ and Q˙c = Jt − scW˙ , which
lead to a refined generic model depicted in Fig. 1. In this
new physical picture, the engine absorbs heat Q˙h per unit
time from the hot reservoir, an amount of heat shW˙ will
be transformed into work output per unit time due to
the interaction between the engine and the hot reservoir.
A thermal flux Jt flows through the heat engine, then
an amount of heat scW˙ will be transformed into work
output per unit time due to the interaction between the
engine and the cold reservoir. Finally, the engine releases
heat Q˙c per unit time into the cold reservoir. The con-
tribution of interactions between the heat engine and the
two reservoirs is explicitly included in this picture since
the engine operates in a finite period or at a finite rate
rather than in a quasistatic state. The reasonability of
this picture and the significance of the weighted thermal
flux were fully discussed in our previous work [32], which
will not be repeated here.
s W
h
J
t
T
h
T
c
Q
h
Q
c
s W
c
FIG. 1. (Color online) Refined generic model of a tight-
coupling heat engine (reproduced according to Ref. [32]).
The generalized thermal force conjugated to Jt may be
expressed as
Xt ≡ 1/Tc − 1/Th. (4)
For a cyclic heat engine, the generalized mechanical flux
Jm and mechanical force Xm may be defined as
Jm ≡ 1/t0 and Xm ≡ −βW, (5)
respectively, where t0 is the period for completing the
whole cycle. We emphasize that the sign of t0 is of phys-
ical significance. t0 takes a positive sign when the ther-
modynamic cycle corresponds to a genuine heat engine,
while the negative sign represents the reverse cycle cor-
responding to a refrigerator. For an autonomous heat
engine operating in the steady state, the mechanical flux
and mechanical force may be defined as
Jm ≡ r and Xm ≡ −βw, (6)
respectively, where r is the net rate and w denotes the
elementary work in each mechanical step.
With the consideration of definitions (2)–(6), the en-
tropy production rate σ = Q˙c/Tc − Q˙h/Th of the whole
system may be expressed as a canonical form σ =
JmXm + JtXt. Let us focus on a tight-coupling heat
engine, in which the heat-leakage vanishes so that the
thermal flux is proportional to the mechanical flux,
Jt/Jm = ξ, (7)
3where the ratio ξ represents the elementary thermal en-
ergy flowing through the heat engine per thermodynamic
cycle for a cyclic engine, or per spatial step for an au-
tonomous engine. Then the entropy production rate may
be further expressed as σ = JmA, where
A ≡ Xm + ξXt (8)
is called affinity. Particularly, A = 0 represents a situa-
tion that the thermodynamic forces Xm and Xt balance
each other. In this situation, the engine system is in a
stalling state or quasistatic state with vanishing fluxes.
From (2), (5)-(7), we can derive the power output
W˙ = −β−1JmXm (9)
and the efficiency
η = −Xm/(βξ − shXm). (10)
Maximizing W˙ with respect to Xm for given Tc and Th,
we obtain the optimization formula
Xm(∂Jm/∂Xm) + Jm = 0. (11)
Constitutive relation for nonlinear response.–Now we
generalize irreversible thermodynamics to the nonlinear
regime by considering two essential arguments as follows.
First, we consider the stalling condition mentioned be-
low (8) that Jm should vanish when A = 0. This condi-
tion requires Jm to be formally expressed as
Jm = LA [1 + v(A + uXt)] +O(A
3, X3t ), (12)
where L, v and u are model-dependent coefficients.
O(A3, X3t ) represents the third and higher order terms
of A and Xt.
Second, we consider the contribution of symmetry by
introducing an asymmetry parameter λ ≡ sh − sc. The
situation of λ = 0 (i.e., sh = sc = 1/2) corresponds to
the case of symmetric interaction between the heat en-
gine with two reservoirs. In this case, Jm should be ex-
actly reversed as all thermodynamic forces are reversed,
which requires that all even-order terms in (12) vanish,
i.e., v = 0 when λ = 0. This requirement leads to v = αλ
provided that v is an analytical function, where α is a
model-dependent parameter which could depend on Tc,
Th, λ (or sh), and so on. Substituting this equation into
(12), we transform Jm into a generic form
Jm = LA [1 + αλ(A + uXt)] +O(A
3, X3t ). (13)
For simplicity, the parameters L and α in (13) are respec-
tively called the first and second master coefficients. This
generic relation, as the first main result in this work, is
uniquely determined from the stalling condition and the
symmetry of system.
Necessary and sufficient condition.–Now we address
the efficiency at maximum power for a tight-coupling
heat engine. By substituting (8) and (13) into (11), we
obtain the optimal mechanical force X∗m = −ξXt/2 +
αλξ2X2t /8 + O(X
3
t ). Substituting it into (10) and con-
sidering (4) and ηC ≡ 1 − Tc/Th, we finally achieve the
efficiency at maximum power
η∗ =
1
2
ηC +
1
8
η2C +
λ(1 − αβξ)
8
η2C +O(η
3
C), (14)
from which we obtain that the necessary and sufficient
condition for the universal prefactor 1/8 of the quadratic
term in (1) is λ(1 − αβξ) = O(ηC). This condition may
be further expressed as
λ = 0 +O(ηC) or αβξ = 1 +O(ηC). (15)
The physical meanings of (15) are interpreted as fol-
lows. First, λ = 0+O(ηC) is called symmetry condition,
which represents that the heat engine interacts symmetri-
cally with both heat reservoirs. Second, αβξ = 1+O(ηC)
is called energy-matching condition, which indicates that
the elementary thermal energy (ξ) flowing through the
heat engine matches the characteristic energy (1/β) of
the heat engine since 1/β may be interpreted as the ef-
fective temperature [32] of the heat engine and the Boltz-
mann constant has been set to unit. More precisely, the
ratio of the characteristic energy of the heat engine to
the elementary thermal energy flowing through the heat
engine equals to α, the second master coefficient of con-
stitutive relation.
So far we get the second main result in the present
work: Either the symmetry condition or the energy-
matching condition results in universal efficiency (1) for
tight-coupling heat engines working at maximum power.
Indeed, it was proved that both the low-dissipation heat
engine [11, 24] and the minimally nonlinear irreversible
heat engine [29] take universal efficiency (1) when the
symmetry condition is satisfied. We conjecture that the
reason why the Curzon-Ahlborn heat engine and the
Feynman ratchet operating at maximum power recover
universal efficiency (1) regardless of any symmetry is that
the energy-matching condition is satisfied in both en-
gines.
Curzon-Ahlborn heat engine.–The Curzon-Ahlborn en-
doreversible heat engine [1] undergoes a cycle consist-
ing of two isothermal processes and two adiabatic pro-
cesses. In the isothermal expansion process, the working
substance is in contact with a hot reservoir at tempera-
ture Th. Its effective temperature is assumed to be The
(The < Th). During time interval th, an amount of heat
Qh is transferred from the hot reservoir to the working
substance with the heat transfer law
Qh = κh(Th − The)th, (16)
where κh is the thermal conductivity in this process. The
variation of entropy in this process is denoted by ∆S.
In the isothermal compression process, the working sub-
stance is in contact with a cold reservoir at temperature
Tc. Its effective temperature is Tce (Tce > Tc). During
time interval tc, an amount of heat Qc is transmitted
4from the working substance into the cold reservoir with
the heat transfer law
Qc = κc(Tce − Tc)tc, (17)
where κc denotes the thermal conductivity in this pro-
cess. The heat exchange and the entropy production are
vanishing in the two adiabatic processes. The period (t0)
for completing the whole cycle is assumed to be propor-
tional to tc+ th. In addition, the endoreversible assump-
tion Qh/The = Qc/Tce is imposed on the engine.
According to equations (F2)–(F9) in Ref. [32], this en-
gine may be mapped into the generic model. The main
results are as follows:
sh =
Thγc
Thγc + Tcγh
, sc =
Tcγh
Thγc + Tcγh
; (18)
λ ≡ sh − sc =
Thγc − Tcγh
Thγc + Tcγh
, (19)
Jt = TcThβ∆SJm +O(J
3
m), (20)
and
Jm =
γcγh
(γc + γh)∆S2
A
(
1 +
1
∆S
λA
)
+O(A3, X3t ), (21)
with γh ≡ κhth/t0, γc ≡ κctc/t0, and λ ≡ sh − sc =
(Thγc−Tcγh)/(Thγc+Tcγh). Obviously, (21) is a special
form of generic expression (13) with model-dependent
parameters L = γcγh/(γc + γh)∆S
2, α = 1/∆S and
u = 0. In addition, equation (F6) in Ref. [32] implies ξ =
TcThβ∆S. Thus we obtain αβξ = TcThβ
2 = 1 + O(ηC)
with the consideration of (3), which conforms with the
energy-matching condition in (15).
Feynman ratchet.–The Feynman ratchet [34–36] may
be regarded as a Brownian particle walking in a periodic
potential with a fixed step size θ. The Brownian particle
is in contact with a hot reservoir at temperature Th in
the left side of each energy barrier while it is in contact
with a cold reservoir at temperature Tc in the right side
of each barrier. The particle moves across each barrier
from left to right and outputs work against a load z. The
height of energy barrier is ǫ. The width of potential in
the left or right side of the barrier is denoted by θh or
θc = θ − θh, respectively. In the steady state and under
the overdamping condition, according to the Arrhenius
law [34], the forward and backward jumping rates can be
respectively expressed as
RF = r0e
−(ǫ+zθh)/Th , and RB = r0e
−(ǫ−zθc)/Tc , (22)
where r0 represents the bare rate constant with dimen-
sion of time−1.
The Feynman ratchet may be mapped into the refined
generic model as shown in Ref. [32]. The main results
are as follows:
sh = θh/θ, sc = θc/θ; (23)
λ ≡ sh − sc = (θh − θc)/θ = (θh − θc)/(θh + θc), (24)
Jt = ǫJm, (25)
and
Jm = r0e
−β¯ǫA
[
1 +
λ
2
(A− ǫXt)
]
+O(A3, X3t ), (26)
where β¯ = (1/Th + 1/Tc)/2. Obviously, (26) is a specific
form of generic expression (13) with model-dependent pa-
rameters L = r0e
−β¯ǫ, α = 1/2 and u = −ǫ = −ξ.
In Ref. [25], one of the present authors optimized the
power of the Feynman ratchet with respect to both the
external load z and the internal barrier height ǫ under an
extremely asymmetric situation (λ = 1). He achieved the
efficiency at maximum power η∗ = ηC/2+ η
2
C/8+O(η
3
C)
and the corresponding optimal barrier height ǫ∗ = Tc[1−
η−1C ln(1 − ηC)] = Tc[2 + O(ηC)]. Thus, we can easily
verify αβξ = βǫ∗/2 = 1 + O(ηC) with the consideration
of α = 1/2, ξ = ǫ∗ and (3). In fact, for any case (−1 ≤
λ ≤ 1), we can easily derive the corresponding optimal
barrier height ǫ∗ = Tc[(1− shηC)(1− ηC)
−1 − η−1C ln(1−
ηC)] = Tc[2 + O(ηC)] following the same optimization
procedures as Ref. [25]. It is straightforward to verify
αβξ = βǫ∗/2 = 1 + O(ηC). Therefore, the Feynman
ratchet always satisfy the energy-matching condition in
(15) when we optimize the power with respect to both
the external load and the internal barrier height.
Conclusion.–In summary, we dealt with nonequilib-
rium heat engines from a unified perspective and achieved
the necessary and sufficient condition (15) for the univer-
sality of efficiency at maximum power up to the quadratic
order for tight-coupling heat engines. We found that
both the Curzon-Ahlborn heat engine and the Feynman
ratchet satisfy the energy-matching condition that guar-
antees universal efficiency (1) in the absence of symme-
try. Hence we solved the paradox perfectly. More im-
portantly, we phenomenologically wrote out generic non-
linear constitutive relation (13) according to the stalling
condition and the symmetry argument. Such formula
filled the knowledge gap in the literature and contributed
substantially to nonequilibrium thermodynamics. This
generic formula is well confirmed by typical models of
heat engines such as the Curzon-Ahlborn heat engine,
the Feynman ratchet mentioned above, and several exam-
ples illustrated in [39]. Particularly, these models suggest
that α in (13) might be independent of the asymmetry
parameter λ. We observe that these heat engines exhibit
a kind of homotypy: The heat absorbed from the hot
reservoir and that released into the cold reservoir by a
cyclic heat engine abide by the same function type; The
forward and backward flows for an autonomous heat en-
gine also conform to the same function type. For these
kind of heat engines, the second master coefficient α in
(13) is independent of λ as shown in [39].
The present work may shed light on the future studies
of nonequilibrium processes. First, it is valuable if one
5can derive generic relation (13) from statistical mechan-
ics. The application of fluctuation theorem [21, 37, 38]
in heat engines might be a starting point for this deriva-
tion. Second, low-dissipation heat engines [11] and linear
irreversible Carnot-like heat engines [12] have the same
bounds of efficiency at maximum power. It is possible to
construct a connection between these two different types
of heat engines within the present framework.
Finally, molecular motors [15–23] in nano-world or bi-
ological realm look different from the heat engines in the
above discussions. Most of them operate in a single heat
reservoir and output work by utilizing the difference of
chemical potentials rather than the temperature differ-
ence. By taking account of this distinction, we expect
that the present unified perspective on nonequilibrium
heat engines may be transplanted to understanding the
optimization mechanism in energetics of molecular mo-
tors.
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